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Abstract

Empirical Bayes estimation for marriage prefereraresworked under two kinds of beliefs regarding th
parameters, e.g., where the marriage preferenas s& be equal or not. In both cases priors are in
accordance with beliefs. Computational methodglitberent hyperparameters of the empirical Bayes ar
developed. It is seen from the data that a malegefi has preferences of marrying a woman in age
category j . A general model of preferences is given usingigogh Bayes procedure. Real life data are
considered, preference patterns are analysed smib@th estimate is given.
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1. Introduction

Marriage and divorce rates directly measure chaimgpepulation composition characteristics rathnamt
changes in population size as do the other ratgmpfilation dynamics, such as fertility, mortaliyd
migration. But if the change in population size daebirths is considered as a function of the beoad
process of one generation reproducing anothere@eps that in most societies takes place largebugh
formation of families that produce offspring, thére rates of family formation and dissolution are
appropriate for consideration under population dyica. Theoretical model and inference procedures
internal migration which is important for undersiary some characteristics of a population were
considered only in Seal and Hossain (2013a, 2028t3c). In this paper, the current characteristic
deserves attention to understand population.

Data on marriage are obtained directly from théonal vital statistics registration system or, le§en,

from the continuous population register. In additidata on marital status, available from censasels
sample surveys in most countries, may be useditoae the number of marriages and marriage rates.
indirect method represents the only source in a@stvhere census data are satisfactory but ratists

of data are lacking or inadequate. Only a few efébhonomically developed countries in Africa, Al

the United States of America publish registratitatistics on marriages.

Perhaps the best single source of internationatiaggr statistics is th®emographic Yearbookf the
United Nations. Two tables are shown annually; oneanarriages and crude marriage rates for the last
several years, and the other on age of bride amafagroom from the latest year record.

Now supposep,;, p,.--., P, are the probabilities of marrying a female of ageegory j =1,2,...k at
age groupi =1,2,...] of male. Suppose further that data are available. Then estimatesgf using a
general model are to be developed.

For modeling this this we are to suggest a pristritiiution for a problem. Actually the system veiieak
the general form of prior.The form of prior canumederstood from the form of the problem. We seek to
make the prior finer and finer from only the datd Some researchers give emphasis on data amh not
prior, which is not the spirit of Bayes proceduse, once we have feeling about prior, we should tek
general form and then from data we make it concastgossible.Clearly, in this case, i.e., marriage
preference at an age, the general form of the pmiggt be multivariate Beta or Dirichlet prior. Withe
data, this can be made as concrete as possiblgBajres procedure. Now, from this general fornemmnis

of variations of hyperparameters and data, empiiages procedure is obtained.

In the following sections empirical Bayes estimatidor marriage preferences are considered under tw
different beliefs: 1) when the hyperparametersdeatical for different ages, i.e. the preferenaesequal

at all ages and 2) when one does not have suckfdehollowing this, unknown hyperparameters are
estimated,computational methods are worked outgu&iN algorithm, real life data are In section
considered and estimations using this method arengihe relevant R- codes are presented in the
appendix.

2. Empirical Bayes Estimation of marriage preferencesf different age groups

In this section, the estimators of the unknown pet@rs involved in the prior distribution are obtd. The
Bayes estimatod(n;) of p; depends on prior distributiom(p|a). When a; ’s are unknown, the

empirical Bayes approach is employed to combine orindtion from observations
n, atageleveli =1,2,-- k.
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For general form of prior distribution op it may be possible to compute the posterior diigtion of p
given n without the complete knowledge of the distributitmction of p. The estimate in such
situations may involve unknown parameters whichestanated from the marginal distribution of.

Case 1: Priors for different age groups are same

Let
N = (Mg, Ny, My ) ~ Multinomia (g iy, Pros---, Py)

1
and

P, =(Py, Pipsevy Py ) ~ Dirichlet(a,,a,,---,a,), forall i =1,2,--k
i.e., the kK groups have common prior distribution or they hsame preferences.

Therefore the Bayes estimator @f under sum of squared error loss is
n; T4
ka, +n,’

o(n;) =
where
k
ng=>n, foralli=1,2:k
j=1
If the Dirichlet parameters are unknown, we compute ML estimate of(a,,q,, --,a,) based on
available observations,, for all i =1,2,--,k. We haven,_= ztﬂn”, foralli=1,2,-- k.

The maximum likelihood estimators @fp,;, p.,,---, p,) become the relative frequencies

~ nij nij ..
Py =——=—, foralli,j=1,2,--k
n Ny
i=1
Let us write
n.
Yi =, foralli,j=1,2;--,kandy, =(Y YY), forali=12-k
niD
Then the vectory, approximately follow Dirichlet distribution (Johms and Kotz (1969).As

Y.,Y,,---,Y, are k random vectors from Dirichlefa,,a,,--,a,) the likelihood function becomes

k

L(a): kr(—a[) |j( iql_l i?_l'“yiik_l),

ur(aj)

where a = (a,,a,,---,a,)" and a,= thlaj. 2.)
ologL(a)
oa .

J

Now we have,

=ky(a) -ky(a,) + Zlog Vi
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where ¢/(t) = % logl (t) is a digamma function.

Then the maximum-likelihood equations for estimsiof (a,,a,,---,a,) are given by

k
wa)-y@)= %Zlog(yij), forall j=1,2,--,k(2.2)
i=1
The equations (2.2) must be solved by numericahaukst.

Case 2: Priors for different age groups have diffent choices

Now
n, ~ Multinomial(n,5 piy, Pp»--+, Py ), forall i=1,2,..k
such that
k k
ng=>n,>.p; =1, foralli=1,2,..k

j=1 j=1
and p, have Dirichlet prior distribution i.e.,
p, ~ Dirichlet(a,,,a,,,---,a,), forall i =1,2,-- k
Then the Bayes estimator g; (Seal and Hossain, Oct 2013) under squared eseris

N +a;

a(ny)=1—

i0 id

, forall'i,j=1,2,--k
3. Computational method when hyperparameters are th same for K age groups (i.e priors are
identical)

Now using the approximation

= log(t - =
Yt =log(t-2)

the equations in(2.2) become,

1 1, 1 .
log(a, —E)—Iog(am—z)=EZIog(yij), forall j=1,2,--k
i=1

O’i _1 K 1
= log 12 =Iog[”yi}<], forall j=1,2,--,k
O'D—E I=

Thus the approximate values 6ff —%)/(Erm—%), forall j=1,2,--,k are given by

59



1

a; - K 1
2= |'in,-k, forall j=1,2,--,k (3.1)
1 L
a—=
2
From these, the following identity is obtained aftamming over allj,
a K 1
0, Kk k1
2 _
1 _Z:: ) yuk
a-= 7=
2
k-1
2 Py
=1-—2-== v
P— j=l=
02
-1
1
30’5—5: k2k 1
k
1_ yij

j=11=
Thus, from (3.1) ,the estimators of;, i.e. c?]. are given by
1
k-1 X y--E
~ _ 1 2 L7
q ==+—1= _
2 Kk k 1
-2 %
j=11=
Starting from these values af ; from (3.2), solutions of (2.2) can be obtainedabyiterative process.

forall j=1,2,--,k(3.2)

Let us denote the value af at the r th subsequent iteration of Newton-Raphson method§y. Then
the value of@ in the next iteration is given by

af(r+1) = a{(r) + I (af(r))_ls(a(r))

2
where | (a) =— 0_550 logL(a) is the observed information matrix arg{a) = %Iog L(a) is the

score vector.
From the likelihood function (2.1), the score hagies

k
5% logL(a) = kgy(a) ~kg(a,) +3 logy,
i i=1

The observed information has entries
o _ , .
5 O9L@ =K1 (@) =y (ag}

P
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where:& is the indicator function of the evedtj = j}, and ¢ (t) is the trigamma function

=i}
2

0
?Iog r(t).

The observed information can be summarised in rfrin by

2

o _ (P - 11
> logL(a)=1(a)=k(D-cll)

where D is a diagonal matrix withj th diagonal entry
d] :[/j (aj)! J :1!21“'!k

C is the constanty/ (@), and 1 is a column vector of all 1s.

Thus the limiting value ofa = (a,,a,,--,a,) as a”=(a;,a;,--,a,) gives the empirical Bayes
estimate in this case.

4. Computational method when hyperparameters are dierent for kK age groups (i.e the priors are
not identical)

Consider the case whem, 's are unknown parameters, forj=1,2,--,k. Here,
_ T T T\T — . . . T
a= (al ’0'2 ’...’ak) = (all""’alk’a21"“’azk"“’akl""’akk)
Now,let us find out the estimate of the Dirichlarametera from observed data. But it is not possible

to start with an estimate& from observed data for each component using emjué8.2) with k =1. In
this case of individual state, it is seen tlzﬁ:}t =1/2 which is absurd. It is possible to compute iteedsi

the MLE of @ from observed data by using Quasi-Newton acceldraiM algorithm.

Now, we estimate a; individually, since estimates ofa, =(a,, --,a,) depend only on
n =(ny,---,n,) and independent o, = (n,---,n; ), for (j #i).

Thus after iterating eachy; individually and taking the limiting value ofr; as ai* Jforall i=1,2,-- k
, we have finally
a’ = (aIT’...’a;T)T'

Let us denote the vector containimgndn,byx i.e.

X = (nT ’ pT )T i
The variables(p,, P,,-+, ) are related by
n M1 A" i
f(nil’ni27"'7nik | Piss Bizsees pik) :m ill izzy"'y ikk (4-1)

forall i=1,2,---,k and
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Kk
n(pw Pioy plk) - = pgll 1p22 11' © piiik_li for all i =1’21""k(4-2)

I_lr(aij

After integrating w.rt. (P, P,.,:--»Px) from joint density function of (n,,n,,---,n,) and
(P Pipses Py) - from (4.1) and (4.2), the density function @i,,n,,,---,n, ), forall i =1,2,--,K is

given by
k
r Zaii )
=
' i=

r'hﬂ -1

pl j

f(ni11ni2"“’nik |ai1’ai2"" |k)_

%

where the integration is carried out over the naglo
[
S :{p” :p; 20and > p :1}, forall i=1,2,--,k
j=1
Thus marginal density ofn,n,,---,n, ), forall i =1,2,--,k becomes

r[iaiiJ : r(nij +aij)

= (4.3)

|_l |_lr(a”) I’[Z(n” +a, )]

(LY L PYRREN o W 12 A9 PPREES |k)_

which is Multinomial-Dirichlet distribution.

Now, (n,,n,,---,n,) denotes an observed random sample from MultineBiigthlet distribution with
parameters(a;,, -, ;) fori =1,2,--,k. Then like incomplete-data (i.e. insteadnodndp it involves

only n) the log likelihood function becomes

logL(a) = Zlog L(a;) = Zlog(nm) ZZIog(nul)+ZlogF(aE)

i=1lj=1

k k

-ZZIOQF(G.JHZZIOQF(W ta;) - Zlogr(n.u+aa(4 4)

i=1lj=1 i=1lj=1

k
where =) n

=1 1’

and aiD: Zj:]_aii y fOI‘ a” | = 1,2,...’k .

The complete-data log Iikelihood is

logL, (a) = ZlogL (@)= Zlog(nm) ZZIog(n”') +Zlogl'(at)

i=1j=1
k Kk

‘ZZ'OQF(% ) +ii(nij +a; —1)log p;

i=lj=1 i=lj=l
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The EM algorithm approaches the problem of solvihg incomplete-data likelihood equation (4.4)
indirectly by proceeding iteratively in terms ottbhomplete-data log likelihood functidog L (a). The

obstacle, due to unobservability is overcome byaiag the complete-data likelihood over its coiodidl
distribution given the observed dataBut in order to calculate this conditional expdicn, a value fora
is to be given.

Let a'® denote the starting value @f, and a", the value ofa; on the r th subsequent iteration of
the EM algorithm.

E-step: Then on the first iteration of the EM altfon, the E-step requires the computation of the
conditional expectation ofogL_(a) given n, using a® for a,, which can be written as

Q(a, ’ai(o)) = Ea_(O){log L.(a;)[n}

where Q-function is used to denote the conditiempkctation of the complete-data log likelihooddhion,
logL.(a), given the observed data and using the current fit foer .Thus, the(r +1) th iteration of the
E-step becomes,

Q(a, 7ai(r)) = Ea.(r){|09 L.(a;)[n}

Therefore, Q(a;,a”) can be written as

Qe a”) =log(n,) - X log(ny) +logT (@)~ Y logr (ay)

k
+Z(nij +aij _1)Ea‘(r){|09 pij |ni1""1nik}(4-5)

j= i

It is seen from (4.5) that, in order to carry ouishp,it is necessary to calculate the term
Ea‘(r){log P; L TPEREN ™
The calculation of the above term can be avoidegifnake use of the identity ( Lange (1995b) ),
S(n;al")= [d;)(ai,ai(”)ldai]a_a(,), forall i=1,2,--,k
where §(n;;a”) are the score statistics given by
S(n;a”)=dlogL(a") o, forall i=1,2,-k

On evaluatingS, (n;a'"), the derivative of (4.4) with respect w, atthe pointa, = a' it becomes,

S (n;a") = dlogL(a")dar” = dlogT (a))dar(” ~ SlogT (") dar”

j

+dlogr(n, +ai")/da"” = dlogr (n+a ) o’

i, foralli, j=1,2;--,k(4.6)
On equatingS, (n;a!”) equal to the derivative of (4.5) with respectap at the pointa; = a'”, the
following identity is obtained.

Eai(r) log(p; [Ny, my) = Slogr (n; +a;”)/ e - 5logl (n+ ait )/ o
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= l/’(nij + ai](r)) —y(ng+ ai([;))
where
Y(s)=3logl(s)/cs
is the digamma function of s.

Therefore from (4.5) one gets,

Q(a;,a”) =log(n,y) _ilog(nij 1) +logrl (a;) —logl (a;)

j j j

k
+3(n, +a, ~1)glogr(n, +a)da” - SlogT (n+a))da|(4.7)
=1

M-step: On the M-step at thér +1) th iteration of EM algorithm is to maximis®(a;,a") , i.e., a’ij(”l)

are obtained after solving
XR(a;,a”)oa; =0, forall i =1, k.
It follows that o™ is a solution of the equation
Ylay _l//(aij ) +l//(nij +aijm) _l//(nu"'ai(é)) =0
The E-step and M-step are alternated repeatedilythatdifference L(a"™) - L(a{") changes by an
arbitrary small amount in the case of convergeriteeosequence of likelihood valugs (")} .

Finally,the limiting solutions are obtained.
*_ (AT T *TNT
a =( ,a, ,a.),

where a’i* the limiting value ofa, , forall i =1,2,---,k. Thus , we have the empirical Bayes estimator
of p; as,
. n +a. o
o"(nj)=———, foralli,j=1,2,--k
niD+ i0

where ai; is the limiting value ofa'ij forall i, =1,--,k,and

k
a.=>a;, foralli =1,k
=1

5. Working with real data set

Table 1 corresponds to the data of the age of bydege of groom for marriages in Israel (Jews Ph866
(Shryock and Siegel 1976; using Table C-10 of thadli Central Bureau of Statisti&atistical Abstract

of Israel 1968, NO. 19). Tables 2 and 3 give the estimatgseferences respectively under two cases as
specified earlier. The respective program codeslaegiven in the appendix.
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Table 1. Age of bride by age of groom for marregelsrael (Jews only):1966

Age of Age of Bride
Groom | Under 20 | 20-24 | 25-29 | 30-34 | 35-39 | 40-44 | Total
Under 20 582 127 10 3 0 0 722
20-24 3,998 4,124 | 210 17 7 3 8,359
25-29 1,644 2,821 616 75 16 2 5,174
30-34 269 831 486 167 a1 11 1.815
35-39 40 170 229 180 80 39 738
40-44 6 37 78 116 128 71 436
Total 6,539 8,110 | 1,629 | 558 282 126 | 17,244

Table 2. Empirical Bayes estimate of marriagdguesces when prior parameters are same
for all age groups

0.80037666

0.17578907

0.01518083

0.005571793

0.002826353

0.0028263532

0.47821695

0.49328245

0.02529548

0.002218960

0.001023285

0.0005450155

0.31761927

0.54490602

0.11910545

0.014634656

0.003241353

0.0005378573

0.14810246

0.45698180

0.26736726

0.092042510

0.028288055

0.0063037599

0.05433681

0.22942553

0.30888888

0.242893898

0.108210261

0.0529899705

0.01422229

0.08459994

0.17768007

0.263949462

0.291192426

0.1617883444

Table 3. Empirical Bayes estimate of marriagdguemces when prior parameters are different

for all age groups

0.74930030

0.21119739

0.02756923

0.009261183

0.0025891781

8.271551e-05

0.47821867

0.49324024

0.02520825

0.002074008

0.0008713648

3.874675e-04

0.31788703

0.54465563

0.11928947

0.014578370

0.0031589814

4.305259e-04

0.14834426

0.45717471

0.26767415

0.092213221

0.0283338553

6.259794e-03

0.05473975

0.23010312

0.30941796

0.243557530

0.1087946602

5.338697e-02

0.01464156

0.08563294

0.17901881

0.265222785

0.2923801960

1.631037e-01
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6. Concluding remarks

In this paper empirical Bayes estimate of marriggeferences for different age groups has been
demonstrated. Even fitting the priors having eghaices, the estimate of the probabilities aresaote for
different age groups, which is reasonable to gudss.is evident from table 2. But table 3 is retidi The
choices for different age groups are differentoagvectors are different in this table. Moreovahle 3 is
interesting e.g. bride within age group 20-24 istrreferable. More importantly, we have workediaut
this paper for a class of Dirichlet priors, whiale aeasonable under two cases where hyperparanagters
the same for all age groups and different for g#i groups. The preference pattern may be useftitah
statistics and to understand the nature of a fabiyng this method together with R-codes, this kohdata
may be handled.
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Appendix

Program for EM Bayes estimator of marriage prefeesnwhen all age groups the same prior (Dirichlet)
parameter.

The est.embayesflnction needs an argument. Value %fis the sample transition matrix.
est.embayes - function(x)

if(ncol(x)!= nrow(x))

stop("The given matrix is not a square matrix")
k <- ncol(x)

obs.mak - x

prob.mak - matrix(0, ncol=k, nrow= k)

Q< - matrix(0, ncol=k, nrow= k)
embayes.est - matrix(0, ncol=k, nrow= k)

| < - diag(k)

alpha< - rep(0,k)

g<-rep(1,k)

for(i in 1:k){

for(j in 1:k){

if(x[i, j] '= 0.0) obs.mat][i, j]< - obs.matfi, j]
else obs.mat[i, j& - obs.mat]i, j]+1

prob.mat][i, j]J< - obs.mat[i, j}/sum(obs.mat]i, ])

Qli, j] < - prob.mat]i, jj( 1/K)

}

}

for(j in 1:k){

for(i in 1:k){

?[ j1<-9lilQli, ]l

}

for(j in 1:k){

alpha[jl< - (k-1)/2*g[j}/(1-sum(g))+0.5
}

cat("Initial value of dirichlet parameters")

print(alpha) repeat{

fisher.inf< - matrix(0, ncol=k, nrow= k)

inv.finf < - matrix(0, ncol=k, nrow= k)

S<-rep(0,k)

if(@any(alpha< = 0.0001)) alph& - alpha - min(alpha)+1

for(i in 1:k){

for(j in 1:k){

if(j'= 1) fisher.inf[i, j] <- -k*trigamma(sum(alpha))

else fisher.inf[i, j< - k*trigamma(alphali]) -k*trigamma(sum(alpha))

}

S[i] < - k*digamma(sum(alpha)) -k*digamma(alphali]) + slog(prob.mat ,i]))
}

if(det(fisher.inf)< = 0.001) fisher.ink - fisher.inf+|

else fisher.ink - fisher.inf
inv.finf < -solve(fisher.inf)
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c< -inv.finf%*%S

alpha< -alpha+c

if(any(abs( ck 0.00001, na.rm=F)) break
}

cat("Estimated value of Dirichlet parameters")

print(alpha)

for(i in 1:k){

for(j in 1:k){

embayes.est[i, § -(obs.mat]i, j]+ alpha]i])/(sum(obs.mat[i,])+sumghla))

}

}

cat("Empirical Bayes estimate of marriage prefeesnehen prior parameters are same for all age
groups")

print(embayes.est)

}

Program for empirical Bayes estimator of marriagefprences when all age groups have different prior
(Dirichlet) parameters using EM algorithm.

The embayes.estfunction needs an argument. Value of "N" is thegle transition matrix and
"alpha" is the initial value of the dirichlet paratears.
embayes.est - function(N, alpha)

{

if(ncol(N)!=nrow(N))

stop("Given matrix is not a square one")
if(ncol(alpha)!=nrow(alpha))
stop("Given parameter matrix is not asquare one")
if(ncol(N)!=ncol(alpha))

stop("Given matrices are not of same dimention")
k < -ncol(N)

bayes.est - matrix(0,ncol=k,nrow=k)
embayes.est - matrix(0,ncol=k,nrow=Kk)
fisher.inf< - matrix(0,ncol=k,nrow=k)
inv.finf < - matrix(0,ncol=k,nrow=k)

BO< - diag(k)

B < - matrix(0,ncol=k,nrow=Kk)

D < - matrix(0,ncol=k,nrow=k)

P < - matrix(0,ncol=k,nrow=k)
S<-rep(0,k)

d<-rep(0,k)

v<-rep(0,k)

h<-rep(0,k)

hd< - matrix(0,100,k)

w<-rep(1,k)

z<-0

g<-0

m<-0

u<-rep(0,k)

eps< - 0.00001

#Loop for Bayes estimate#

for(i in 1:k){
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for(j in 1:k){
bayes.est[i,j]=(N[i,j]+alphali,j])/(sum(N[i,])+sunalphali,]))
}

}

cat("Bayes estimate of transition pobability mafrix

print(bayes.est)

#To calculate Fisher information matrix#

for(i in 1:k){

for(j in 1:k){

DI[j,jl < - trigamma(alphali,j])-trigamma(N([i,j]+alphali,j])

u[j] < - digammaf(alphali,j])-digamma(N{[i,j]+alphali,j])

hd[1,j] < - digamma(N[i,j]+alphali,j])-digamma(sum(N[i,])+suaphali,]))
}

z< - trigamma(sum(alphali,]))-trigamma(sum(N[i,])+swahali,]))
g< - digamma(sum(alphali,]))-digamma(sum(N[i,])+sunpfzl]i,]))
S<-g-u

fisher.inf< - D-z*(w%*%t(w))

inv.finf < - solve(fisher.inf+B0)

d< - inv.finf%*%S

alphali,]<-alphali,]+d

if(@any(abs(dk eps,na.rm=F)) break

for(r in 2:100){

if(any(alphali, <= 0.0)) alphali, K - alphali, ]-min(alpha]i,])+1
for(j in 1:k){

DI[j,j] < - trigamma(alphali,j])-trigamma(N([i,j]+alphali,j])

u[j] < - digammaf(alphali,j])-digamma(N[i,j]+alphali,j])

hd[r,j] < - digamma(N([i,j]+alphali,j])-digamma(sum(N([i,])+suiaphali,]))
}

z< - trigamma(sum(alphali,]))-trigamma(sum(N[i,])+suwathali,]))
g< - digamma(sum(alphali,]))-digamma(sum(N[i,])+sunpiz]i,]))
S<-g-u

fisher.inf< - D-z*(w%*%t(w))

h<- hd[r, ]-hd[r-1, ]

v < - h+B0%*%d

m< - t(v)%*%d

g< - matrix(m, ncol=k, nrow=k)

P< - v%*%t(V)

B < - BO+P/q inv.finf< - solve(fisher.inf+B)

d< - inv.finf%*%S

alphali,]< - alphali,]+d

if(any(abs(dk eps, na.rm=F)) break

}

}

cat( "Estimate of dirichlet parameter.")

print(alpha)

for(i in 1:k){

for(j in 1:k){

embayes.est[i, g - (N[i, jJ+alphali, jJ)/(sum(N[i, ])+sum(alphali,))
}

}

cat("Empirical Bayes estimate of marriage prefeesnehen prior parameters are different for all
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age groups")
print(embayes.est)

}
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